Abstract. The concept of dominion (in the sense of Isbell) is investigated in the context of categories of groups, and their basic properties are established. They are then studied in the variety of metabelian groups. It is shown that the dominion of a subgroup in the variety of metabelian groups may be strictly larger than the subgroup itself.
Section 1. Introduction
Suppose that a group G and a subgroup H of G are given. Are there any elements g ∈ G \ H such that any two group morphisms which agree on H must also agree on g ? What if we require all the groups involved to be in a particular variety of groups? To put the question in a more general context, let C be a full subcategory of the category of all algebras (in the sense of Universal Algebra) of a fixed type, which is closed under passing to subalgebras. Let A ∈ C , and let B be a subalgebra of A . Recall that, in this situation, Isbell [3] defines the dominion of B in A (in the category C ) to be the intersection of all equalizer subalgebras of A containing B . Explicitly, dom C A (B) = a ∈ A ∀C ∈ C, ∀f, g: A → C, if f | B = g| B then f (a) = g(a) .
If dom C
A (B) = B we will say that the dominion of B in A is trivial (meaning it is as small as it can be); and we will say that the dominion is nontrivial otherwise. The question which opened this discussion may, therefore, be rephrased in terms of the dominion of H in G in the category of context. In the case where the category C is actually a variety (that is, a class of algebras which is closed under taking arbitrary direct products, subalgebras, and quotients), we can look at the amalgamated coproduct of two copies of A , amalgamated over the subalgebra B . This is the pushout of the diagram: Dominions are related to epimoprhisms, and were, in fact, introduced to study them. Given a category of algebras C , recall that a map f : A → B is an epimorphism if and only if it is right cancellable; that is, if for all maps g, h: B → K in C , g • f = h • f implies that g = h. It is easy to verify that f is an epimorphism if and only if dom C B (f (A)) = B . From a very general point of view, finding nontrivial dominions should be enough to be of interest. Any result that says that we can predict the behavior of a function at some point based on partial information (in this case, the value of the morphism at points in the dominion of H but not in H , based on the value on H ) has the potential of being useful. Aside from this, the dominion construction determines a special class of subalgebras (those which equal their own dominion) equivalently, those which are "closed" under the closure operation induced by the construction. When not all subalgebras are closed, that is when not every subalgebra equals its own dominion, it is possible for this class to have interesting properties of their own. For example, Bergman has shown (see [1] ) that in the category of Orderable Groups (groups in which an order can be defined which is compatible with the operations), the class of dominion-closed subgroups of an orderable group G are precisely the subgroups T for which the amalgamated coproduct G ∐ Group T G is also orderable. Thus, while dominions were defined for the specific purpose of studying epimorphisms (see opening comments in [3] ), studying them for their own sake may yield interesting results. In the present work, we will investigate the general properties of dominions, as well as the case where the variety in question is the variety of metabelian groups; that is, groups which are extensions of abelian groups by abelian groups, or equivalently, groups which are solvable of solvability length at most two. In Section 2 we will prove some basic properties of dominions. In Section 3 we recall the basic properties of metabelian groups, in preparation to study dominions in the variety of all metabelian groups, and then we give some sufficient conditions for an element to be in the dominion of H in G; we will also provide an example of a metabelian group G and a subgroup H such that H ⊆ / dom G (H) (in the variety of metabelian groups). The contents of this work are part of the author's doctoral dissertation, which was conducted under the direction of Prof. George M. Bergman, at the University of California at Berkeley. It is my very great pleasure to express my deep gratitude and indebtedness to Prof. Bergman. His many suggestions have improved this work in ways too numerous to list explicitly, and his advice and encouragement proved invaluable. He also caught and helped correct many mistakes; any errors that remain, however, are my own responsibility.
Section 2. Some easy properties of dominions
Let us focus on categories of groups for the remainder of this paper. The group operation will be written multiplicatively unless otherwise stated; given a group G, the identity element of G will be denoted by e G , with the subscript omitted if it is understood from context. Given two elements x, y ∈ G, we write x y = y −1 xy , and we will denote their commutator by [x, y] = x −1 y −1 xy . Given two subsets A, B of G (not necessarily subgroups), we denote by [A, B] the subgroup of G generated by all elements [a, b] with a ∈ A and b ∈ B . We also define inductively the left-normed commutators of weight c + 1 :
We will denote the center of G by Z(G) . The following lemma, which is easily established by direct computation will be useful in subsequent considerations. Lemma 2.1. The following hold for any elements x , y , z , and w of an arbitrary group G:
The category of all groups will be denoted Group. By a classical theorem of Schreier, every group amalgam is strongly embeddable in a group. This implies that for every group G and every subgroup H of G, dom Group G (H) = H . For the connection between amalgams and dominions, we refer the reader to the survey article by Higgins [2] . However, if we restrict the category of context from Group to a smaller subcategory C , this may no longer be the case. Before we provide an example of a subgroup properly contained in its dominion, however, we will study the general properties of dominions. Lemma 2.2. Let C be a category of groups which is closed under taking subgroups.
Proof: (i) and (ii) are immediate from the definition of dominion; (iii) follows from (ii) by considering the inclusion map i:
Recall that a category C is a full subcategory of groups if every object of C is a group, and the morphisms of C between objects A and B are all group morphisms between the groups A and B . Lemma 2.3. Let C ⊆ D be two full subcategories of groups, and let
Proof: The set of pairs of maps from G to groups in C is a subset of the set of pairs of maps from G to groups in D . The inclusion now follows from the definition of the dominion as the intersection of equalizer subgroups of G.
Lemma 2.4. Let C be a full subcategory of Group, and G ∈ C a group. Let H and K be subgroups of G. Then
is a closure operator on the subgroups of G. Now, H ⊆ L implies that the dominion of H is contained in the dominion of L ; the same is true of the dominion of K , and therefore it is also true of the subgroup that the dominion of H and the dominion of K generate, establishing the result.
Theorem 2.5. Let G 1 and G 2 be groups, and let H 1 be a subgroup of
Proof: We can identify G 1 with the subgroup G 1 × {e} of G 1 × G 2 , and similarily G 2 with the subgroup {e} × G 2 . It follows, from Lemma 2.4, that dom
. Therefore there is a group K ∈ C , and a pair of maps ψ, φ:
be the canonical projection, and compare the maps ψ • π with φ • π . By construction, they agree on
Remark 2.6. We add a caution, however. Theorem 2.5 implies that the same result holds for a finite number of direct factors, and that the analogous result holds for the direct sum of an arbitrary number of factors. However, in the case of an infinite direct product, equality may no longer hold. An example of this situation is given in [6] , Section 8.5. 
Compare the maps π, ζ: G → G/N , where π is the canonical epimorphism onto the quotient and ζ is the zero map. They both agree on N , and disagree on any element not in N .
Corollary 2.8. Let C be a full subcategory of groups which is closed under quotients. If G is a group in C and H is a subgroup of G, then
Proof: The subgroup H[H, G] is the normal closure of the subgroup H ; hence it contains H , and is normal in G. By Lemma 2.7, dom
, and the result now follows. 
Proof: Let φ: G → G be the idempotent endomorphism with image H and kernel N (we obtain it by projecting G onto G/N ∼ = H , and then composing with the immersion of H into G). This map fixes H pointwise. Comparing it with the identity of G, we see that they both agree on H and nowhere else.
Recall that a class of groups P is a pseudovariety if it is closed under quotients, subgroups, and finite direct products. Proposition 2.11. Let {P i } i∈I be a nonempty collection of pseudovarieties. Let G ∈ P i , H a subgroup of G, and N ⊳ G such that N ⊆ H . Then
G (H) . Then there exists a group K ∈ P i and a pair of maps f, g: G → K such that f | H = g| H and f (x) = g(x) . Consider the induced homomorphisms (f × f ), (f × g): G → K × K , and let L be the subgroup of K × K generated by the images of G under these two morphisms. Since N is normal in G, and contained in H , the common image of N under these two maps will be normal in L . This image may be written as the set
We claim that (f × f )(x) and (f × g)(x) are not in the same coset of (f × f )(N ) in L . This will prove the claim, since we can then mod out by (f × f )(N ) to obtain an induced pair of maps G/N → L/(f × f )(N ) which agree on H/N and disagree on xN .
−1 ) , and we know that the second coordinate is not trivial, because f and g disagree on x . Hence,
is not a diagonal element, and in particular cannot lie in (f × f )(N ) . This proves the proposition.
Remark 2.12. Note that a collection of groups is a union of pseudovarieties if and only if it contains the pseudovariety generated by each of its members. In particular, a collection of groups is a union of pseudovarieties if and only if it is closed under subgroups, quotients, and squares, where the square of a group G is the group G × G. Recall that given a group G and a subgroup H of G, the centralizer of H in G is the subgroup
Proposition 2.13. Let V be a full subcategory of Group (not necessarily a variety), and let G ∈ V . If H is a subgroup of G, then
To prove the reverse inclusion, let g ∈ C G (H) and consider the inner automorphism ϕ g of G given by conjugation by g . Since g ∈ C G (H) , it follows that ϕ g fixes H pointwise. Therefore ϕ g | H = id G | H , so it follows that ϕ g also fixes dom
Remark 2.14. This is the analogue of a result of Isbell's (see Corollary 2.4 [3] ), which states that if we have a semigroup S and subsemigroup A , any element of S that commutes with every element of A must also commute with every element of the dominion of A in S (in the variety of all semigroups). Of course, our proof is much easier because of the existence of inverses. 
Proof: This follows since the construction of dominion uses only the group structure, and so respects automorphisms.
Corollary 2.19. Let G be a group in C , and let
Proof: This follows from Lemma 2.18 by letting φ be the inner automorphism determined by g .
Recall that given a group G and a subgroup H of G, the normalizer of H in G is the subgroup
Theorem 2.20. Let C be a full subcategory of groups. Let G be a group in C , and let H be a subgroup of G. Then
Proof: Let g ∈ N G (H) . By Corollary 2.19, we must have
One can show by example that the inclusion in Theorem 2.20 may be either equality or a proper inclusion; in fact, one can show that all eight logically consistent inclusion relations between H , N G (H) , the dominion of H , and the normalizer of the dominion, may hold. Examples may be found in [6] .
Section 3. Dominions in the Variety of Metabelian Groups
In this section we look at dominions in the variety of metabelian groups; first we remind the reader of some of the basic properties of metabelian groups which we will use, and then proceed with our main results. For future use we also define the derived series of G, which is defined recursively as follows:
A group G is nilpotent of class c if and only if G c+1 = {e} .
Definition 3.22. Let G be a nilpotent group, generated by elements x 1 , . . . , x n . Then we define the basic commutators and the ordering among them, as follows: (i) The letters x 1 , . . . , x n are basic commutators of weight one, ordered by setting x i < x j if i < j . Then continue the order by setting c > c ′ whenever weight(c) > weight(c ′ ) , and fixing any order among those of weight k .
Recall that a group G is metabelian iff the commutator subgroup [G, G] is abelian; equivalently, if G ′′ = {e} , or equivalently if G is the extension of an abelian group by an abelian group.
We will denote by A the variety of all abelian groups, and by A 2 the variety of all metabelian groups. We now proceed to show that there are nontrivial dominions in the variety of metabelian groups. Our example will also establish that subgroups can be "small" when compared to their dominions. Specifically, we will show that there exists a group G ∈ A 2 , and an abelian subgroup H of G, of finite rank, such that 
2 , and let f, g: G → K be two group morphisms such that
(using Lemma 3.23 and the fact that y ∈ H)
Theorem 3.27. Let G ∈ A 2 , x ∈ G ′ , and y 1 , . . . , y n ∈ G. Let A similar calculation yields [y, x]
By Lemma 3.24, it follows that D contains a free abelian group on countably many generators, and H is the subgroup generated by three of these generators. Therefore, D/H is abelian of infinite rank, as claimed.
Remark 3.31. A theorem of P.M. Neumann [8] states that in a full subcategory of Group which is closed under taking subgroups and quotients, and in which every object is a solvable group, all epimorphisms are surjective. In particular, all epimorphisms in A 2 are surjective. So although dominions can be "big", they cannot be the whole group (except in the trivial case of H = G). We note that we have only given sufficient conditions for an element to be in the dominion of a given subgroup. Although in the context of Theorem 3.30 these conditions did provide all elements of the dominion, this is not necessarily the case. In particular, we have not given a precise description of the dominion of a subgroup H in a metabelian group G (such as, for example, is given for subsemigroups and semigroups by Isbell's Zigzag Lemma [3] 
